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Abstract

We study cross correlations constructed from the return time series of 366 stocks traded on the
Tokyo Stock Exchange from January 5, 1998 to December 30, 2013. The correlation matrices
are calculated with a rolling window of 400 days. The dynamical behavior of correlation ma-
trices shows that the average of off-diagonal elements abruptly increases at the volatile market
stages. We detect three volatile market stages corresponding to the bankruptcy of Lehman
Brothers, Tohoku Region Pacific Coast Earthquake and FRB QE3 reduction observation. By
applying the principal component analysis we show that the cumulative risk fraction also in-
creases abruptly at the same volatile market stages. Thus the rise of systemic risk can be
captured by a rapid increase in matrix elements and the cumulative risk fraction.

Keyword: Correlation matrix, Principal component analysis, Cumulative risk fraction, Sys-
temic risk

1 Introduction

The stock market is a complex system that un-
dergoes unstable periods causing financial crisis
in some cases. Measuring systemic risk is an
important task to monitor current market status
and possibly to avoid future financial crisis. Sev-
eral approaches have been used on measuring sys-
temic risk such as the principal component anal-
ysis (PCA)[1, 2, 3, 4] and the Granger-causality
test[1, 3] In this study we employ the principal
component analysis (PCA) for cross correlations
between stocks on the Tokyo Stock Exchange and
analyze the dynamical properties of the cross cor-
relations.

2 Cross correlation matrix

In order to study the dynamical properties of cor-
relation matrices we analyze the daily price data of
stocks traded on the Tokyo Stock Exchange from
January 5, 1998 to December 30, 2013, that cor-
responds to 5905 working days. We selected 366
stocks from the list of the Topix 500 index under
the criterion that they have at least 4000 working-
day data.

Let ri(t) be a return for stock i at time t defined
by

ri(t) = ln pi(t) − ln pi(t − 1), (1)

where pi(t) is the price for stock i at t. Using re-
turn time series ri(t) the equal-time cross correla-
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Figure1: Average off-diagonal elements of the
cross correlation matrix. Each average is taken
over 400 days in the rolling window.

tion matrix is calculated as

cij =
〈ri(t) − 〈ri(t)〉〉〈rj(t) − 〈rj(t)〉〉

σiσj

(2)

where σi is the standard deviation of ri(t) and 〈〉
stands for an average taken over a period of the
rolling window. In this study we take a rolling win-
dow of 400 working days that roughly corresponds
to two years.

Fig.1 shows the dynamical evolution of the aver-
age off-diagonal matrix element 〈c〉 given by

〈c〉 =
2

N(N − 1)

N∑

i>j

cij . (3)

where N = 366. From the figure we recognize
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Figure2: Time evolution of the CRF with 400-
day rolling window.

that there exist three points where 〈c〉 increases
abruptly. According to the historically observed
events these points correspond to the bankruptcy
of Lehman Brothers, 11/3/2011 Tohoku region pa-
cific coast earthquake and the FRB QE3 reduction
observation as indicated in the figure. It has been
also observed that the Japanese stock market en-
ters the volatile stage at these points.

3 Dynamical behavior of

eigenvalues

In order to further investigate the dynamical prop-
erties of the cross correlation matrices we apply
the PCA. The PCA has been also used to mea-
sure the systemic risk[1, 2, 3, 4]. First we compute
the eigenvalues of the cross correlation matrices,
denoted as λ1, λ2, . . . , λN where all eigenvalues are
sorted as λ1 > λ2 > . . . > λN . Then we calculate
the cumulative risk fraction (CRF) defined by[1, 2]

ak =

∑k

i=1
λi∑N

i=1
λi

. (4)

This quantifies the system variance explained by
the first k principal components over the total
variance[2].

Fig.2 shows the evolution of the CRF for k =
1, . . . , 10. We find that the CRF also increases
abruptly at the same points observed in the av-
erage matrix elements.

We can also quantify the points by the change of
the CRF defined by[3]

changek(t) = ak(t + 1) − ak(t). (5)

The time evolution of change1(t) is presented in
Fig.3. It is found that the change of the CRF
shows pronounced positive spikes at the same
points. Note that large negative spikes are arti-
ficially caused by the period of the rolling window.
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Figure3: Change of the CRF. Here time evolu-
tion of change1(t) is presented.

4 Conclusion

We have analyzed the cross correlation matrices of
366 stocks traded on the Tokyo Stock Exchange
from January 5, 1998 to December 30, 2013. We
find that both the average off-diagonal elements
of the cross correlation matrices and CRF show
abrupt increases at three points that correspond
to three volatile stages of the Japanese stock mar-
ket: the bankruptcy of Lehman Brothers, Tohoku
Region Pacific Coast Earthquake and FRB QE3 re-
duction observation. The change of the CRF also
identifies these three points. The cross correlation
matrices contain relevant information on the sys-
temic risk of financial markets. By carefully ana-
lyzing the dynamical properties of the cross corre-
lations we could monitor the risk of financial mar-
kets.
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